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Abst rac t - -A  study of a number of current numerical schemes for the shallow water equations 
leads to the establishment of relationships between these schemes. Further analysis then suggests 
new formulations ofthe schemes, as well as an alternative scheme having the same key properties. 
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1. INTRODUCTION 
In a recent paper [1], a numerical upwind scheme was presented for the two-dimensional shallow 
water equations and was based on an adaptation of flux balance distribution methods [2-4]. 
One of the key features of the scheme presented in [1] is that it is conservative, in contrast 
with its predecessor [5], which is not. To achieve conservation, it was necessary to make a 
distinction between the terms in the Jacobian of the flUX function which are homogeneous and 
of degree 2 in a particular parameter vector, and those that are not. The latter are then treated 
as source terms. This situation does not arise in the Euler equations for which there is a unique 
parameter vector giving quadratic homogeneity. In this paper, we seek to analyse the conservative 
lineaxisation presented in [1] in the special case of one space dimension with a view to relating it to 
existing schemes, making appropriate comparisons, as well as considering alternative formulations 
and an alternative conservative linearisation. The subsequent development then suggests new 
formulations for existing schemes. In future work, it is intended to present a numerical comparison 
of these schemes, including the validity of the conservation properties, robustness, and accuracy 
of the schemes. This will include the effect of treating part of the flux balance as a source term. 
2. THE GOVERNING EQUATIONS 
The unsteady one-dimensional shallow water equations governing the motion of free-surface 
flows in a rectangular channel can be written in conservation form as 
Ut + g = q, (2.1) 
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where 
u = (¢, ¢u) T (2.2) 
are the conserved variables, and the flux function 
T 
f(u) = (¢u, ¢u2 + 2¢2 ) (2.3) 
The quantities ¢ = ¢(x,t)  = g× depth of fluid, where g is the acceleration due to gravity, 
and u = u(x, t) denotes the velocity of the fluid, at some point x and at time t. The source 
term q comprises terms incorporating the effects of friction, for which various forms are available, 
and the bed-slope. This source term is treated identically for each of the schemes considered 
here, in contrast with the term fx, which is not. For future reference, the quasi-linear form of 
equation (2.1) is given by 
ut + Au~ = q, (2.4) 
where the Jacobian of the flux function f is given by 
0 1 ) (2.5) A=fu= ¢_u2  2u " 
3. CONSERVATIVE  L INEARISAT ION 
In [1], a numerical scheme is given for the two-dimensional shallow water equations based on 
a conservative linearisation approach. Since our purpose is to analyse and compare the one- 
dimensional version of this scheme with other schemes, we describe the conservative linearisation 
approach in this case. 
For a given cell C in the numerical grid, define a flux balance 
= - Iv  fxdx = - [flL R = -- (f(UR) -- f(UL)) = --Af, (3.1) 
denoting the change in flux balance across the boundaries of the cell. The numerical approxima- 
tion to (I) is defined to be of the form 
(3.2) 
where Ax is the cell length and ~ indicates a discretised quantity. Having determined the precise 
form for q), which we describe shortly, the distribution of the flux balance to the nodes at either 
end of the cell is then made using upwinding. Conservation requires that the overall contribution 
to the nodes depends only on the boundary conditions. Thus, for a linearisation represented 
by (3.2) to be conservative, the sum over the computational domain of the q) should reduce to 
boundary conditions alone. It follows from (3.1) that a linearisation is conservative if ~) = (I) 
for each cell, and the resulting scheme is conservative provided all of the discrete flux balance is 
distributed to the nodes of the grid. 
4. INTERPRETAT ION OF  EX IST ING SCHEME 
We now describe the scheme in [1] in the one-dimensional case. 
4.1. Parameter  Vector  
A simple linearisation of the shallow water equations can be achieved by seeking discrete 
flux Jacobians A in (3.2) which allows (~ to be easily decomposed into components ~nd then 
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In [1], this is achieved by evaluating the Jacobian 
(4.1) 
an application of the upwinding technique. 
consistently from some average cell state ~ so that 
= f. (~) = A (~), 
and then assume that the components of the parameter vector 
Z = ~ (1, U) T (4.2) 
vary linearly in space within each cell. An important consequence is that z~ is locally constant 
and so the conservative flux balance can be written as 
(4.3) 
Now, i n  terms of z, f = (z lz2,  z 2 + (1/2)z4) T, so that 
f z= 2z~ 2z2 = 2¢v~ v~u ' 
in which one entry is not linear in the components of the parameter vector z. To achieve a con- 
servative linearisation the integrals in (4.3) must be calculated exactly, and hence, the numerical 
flux balance (3.2) is given by 
= -Ax  2 z 3 dx 2-22 ~x, (4.5) 
where the overbar i indicates the consistent evaluation of a quantity solely derived from the 
cell-average state given by 
1 
= ~ (ZL + zn). (4.6) 
The treatment ofthe remaining component of~, is considered shortly. The corresponding discrete 
gradient (evaluated under the assumption of linearly varying z) is given by 
Z R -- Z L AZ 
~x = a~ - Az  (4.7) 
Now, the flux balance can also be written in terms of the conservative variables ince z = 
(z 2, zlz2) T, and thus, 0) 0) 
u~ = = (4.8) 
\ z2  zl v~u v~ ' 
which is linear in the components of z. 
4.2 .  D isc re te  Conservat ive  Flux Balance 
It follows that the discrete gradient of the conservative ariables can be written as 
/xxl / c  ~xl / c (2-21_ ux = 7 -  ux  dx  = -:-- uzz= dz  = uzz= = 
Z2 
and thus, from (4.5), the discrete conservative flux balance is given by 
I -2/ -2i 
-~x z31 dx 2-22 
= -Ax  2 
-~x z 3 dx 2-22 
( o 
= -Ax  (2/ax) fc  z~ d~ 
-21 
0 ) zx, (4.9) 
Zl 
I (~:)-i~: 
lo) 
2gl 
~2 I ux  
2~21 ~1 1/ 
~ 2 ~2 u~' 
(4.10) 
192 P. GLAISTER 
4.3. Separate  T reatment  o f  F lux  Ba lance  Terms 
Thus, the discrete conservative flux balance (3.2) is given by (4.10) in which fi~ = ~ and 
( 0 1) 
A = +i= = (2/a~) fc z~ dx -~ 2 -a 
Now, from (2.5), the continuous Jacobian can be written as 
(4.11) 
(o 1) 
A= z~ 2z2 , 
z~-  z~ z~ 
(4.12) 
and thus, the approximate Jacobian -4z in (4.11) is not of the form as prescribed in (4.1), i.e., (0 1) 
~A 2h  ' .4~ # A (~) = ~12 _ 2 ~1 
a prerequisite for the scheme in [1]. However, the matrix .4 can be decomposed as
(4.13) 
A, = A (~) + Lz, (4.14) 
where the matrix 
and 
(0  ~) (4.15) L~= 5 
= (1/a~) fc  ~ d~ _ :~. (4.16) 
4.4. Simplification of Lz 
To enable the determination f the matrix L,, it is necessary to simplify 5. However, since 
1 /C 1 ~IR ( ,AZl"~ 3 1 
A---x z~ dx = -~x zlL + (x - XL)--~X ) dx = 4Az-----1 
- z~ - i~) (z~ + zL )  1 Z41R Z4IL 1 ( In Z2 
4 ZlR - z1L "4 Zln - Z1L 
1 1 - -  
= ~ (ZIL + ZIR) ~ (Z2L + Z211¢) = -ZiZ 2, 
(G  - z~L) 
(4.17) 
and thus, 
In terms of the conserved variables 
5 = z~ - ~ .  (4.18) 
( -~)2  1 1 (  )2 
(4.19) 
i.e., ( o :) 
A~. = A(Z) + 1 ~ ( , /~_ ,m)  ~ ' 
(4.20) 
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so that the flux balance in (4.10) can be written as ( ( o 
~,.. = -Ax  .4 (e) + 1 
~ (e-~-  v~)  ~ 
where the flux balance 
@. = -AxA (~) ~ 
is handled in the usual upwinding sense, and the term 
( 0 
q.  = -Ax  1 ~ (~-~_ ~;)2 
:)) (4.21) 
(4.22) 
(4.23) 
is treated as a 'source' which is expected to be negligible in smooth flows but to have an effect 
at discontinuities. The gradient ux is projected onto the local eigenvectors of A(~). 
4.5. Eigenvalues and Eigenvectors 
The eigenvalues and eigenvectors of A(~) are 
~ (~) = L~ ± ~ = ~-~-- ± v~ 
v~uL  + v~uR 
~Tr+ v~ ( ~)T 
e i (~)= 1, f i± , 
where 
+~ (4.24a,b) 
(4.25a,b) 
using (4.11) and (4.17). In this case, the eigenvalues and eigenvectors of .4~ are 
~ = ~2 + = + 
zi v~ 
= vf'¢LUL +vr '~uR :t: ±1(eL  + CR) = f i :h~, (5.2a,b) 
v~+v~ 
~ = 1,~ ± , (5.3a,b) 
where fi is as in (4.26a) and 
This scheme is precisely that found in [6] and labelled as the a scheme. Thus, a direct comparison 
has been made between the scheme in [1] and one based wholly on the upwind philosophy, but 
where the approximate Jacob±an is constructed differently via an approximate Riemann problem. 
(5.1) 
( o 1 ) 
vf~ + v~ ' ~ + , (4.26a,b) 
representing approximations to the continuous values 
)h = u + V~, ei = 1, u ± (4.27a-d) 
5. COMPARISON WITH EX IST ING SCHEMES 
A clear alternative to the separate treatment of the terms in (4.22) and (4.23) is not to decom- 
pose the matrix -4z but to upwind the total flux balance, i.e., (~, in (4.21). In this case, therefore, 
the gradient is projected onto the local eigenvectors of the matrix A~ which can be written as 
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6. AN ALTERNATIVE  CONSERVATIVE  L INEARISAT ION 
Before making further comparisons with the schemes in [6], we consider an alternative to the 
scheme in Section 4. 
6.1. Parameter  Vector  
Consider now the case where the parameter vector in (4.2) is replaced by 
W • (¢, U) T, (6.1) 
i.e., the primitive variables, which was also used in two of the schemes in [6]. In this case, 
assuming that w varies linearly in space within each cell, w~ is locally constant, and (4.3) is 
replaced by 
Now, in terms of w, f = (WlW2, wlw~ + (1/2)w~) T, so that 
( w2 Wl ) ( u ¢ ) (6.3) 
fw = Wl + W 2 2wlw2 = ¢ + u 2 2 u " 
In this case, the numerical flux balance is then 
W2 
~w = -Ax  1 
+ 
= -Ax  
) Wl 2 ~C Wx ~X Wl W 2 dx 
1 2 wz, 
-¢ + ~ u 2 dx -~x Cu dz 
(6.4) 
where again the overbar i is the arithmetic mean, and 
Aw 
Wx-  Ax" (6.5) 
To write this flux balance in terms of the conservative variables, we first note that u = (Wl, 
WlW2) T, and thus, 
(1  0 )  (1  u ¢ )  
Uw = = , (6.6) 
W2 Wl 
which is linear in the components of w. 
6.2. D iscrete  Conservat ive  F lux  Ba lance 
Thus, the discrete gradient of the conservative variables can be written as 
1 I t  ~-'~/c (1  ¢ )  ux = A---x u~ dx = UwWx dx = UwWx = Wx, 
and thus, from (6.4), the discrete conservative flux balance is given by 
= 1 u2 2 (~w)- 1 ~x •w -Ax  -¢ + ~ dx ~ Cudx 
1 u2 = -Ax  ¢+ ~ dx 
1 u 2 dx - - - -  = - ax  _d + 
)(lo) 
2 f ~ 1 ~ 
-~x Iv  Cu dx ¢ ¢ 
2 f Cudx 1 2 Cudx ux. 
(6.7) 
(6.8) 
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6.3. Separate Treatment of Flux Balance Terms 
Thus, the discrete conservative flux balance (3.2) is given by (6.8) where fix = fix and 
= = 1 u 2dx ~ 2 1 2 Cudx " (6.9) 
Now the continuous Jacobian in (2.5), i.e., 
o 1 ) (6.1o) A = ¢ -  u 2 2u ' 
is already written in terms of the components of w, and thus, as for the approximate Jacobian 
in (4.11), that in (6.9) is not of the form as prescribed in (4.1) where the parameter vector is 
now w, i.e., 
( 0 1) 
AwCA(W)= ~_~2 2~ " 
However, the matrix -4w can be decomposed as 
Aw = A (W) + Lw, (6.12) 
where the matrix 
with 
and 
Lw=(~ X0)' (6.13) 
1 /cU2 ~ 2 f Cudx+~2 (6.14) e=-~x dx ~ Az ,c 
1 2 fcCudx-2~"  
x-~A z (6.15) 
6.4. Simplification of Lw 
Before the distribution of the corresponding flux balance can be made it is necessary to simplify 
the expressions in (6.14) and (6.15). First, for any u and v varying linearly, integration by parts 
gives 
uvdx = UL + (x-- *L )~X VL + (Z-- XL)-~X dz 
XL 
[ Ax Av'~ 2 Au 1~,~ 
= -~vv(VL+(x-x~)Ax)(u~+(x-z~)~-~)J~,. 
2Av , VL + (x -- XL) ~ dx (6.16) 
- 2 A----T- ~ vL+(~-x~)~-~ 
XL 
2 Av 6 (Av) 2 
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To simplify the expression i  
3AvA (uv2) - AuA (v ~) = 
Thus, (6.16) becomes 
c UV dx - - -  
Furthermore, 
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(6.16) further, we consider the term 
1 
?.tV -- U V ~ -~ 
1 
4 
1 
4 
1 
4 
3 (VR -- VL) (URV2R -- ULV~) --(UR -- UL) (V 3 -- V3L) 
(VR -- VL) [3URV2R -- 3ULV2L --(UR -- UL) (V2R + VRVL + V~)] 
(v. - vL)[2~.v~ - 2uLv~ - ~.~v~ - u .v~ + ~,~ + ~LvRv~] 
(V R -- VL) 2 [2URV R + 2ULVL -}- URV L + ULVR] 
(~R - ~L) 2 [(uL~L + ~R~R) + (~L + ~R) (~L + ~R)] 
(Av) 2 [2K~ + 4~V]. 
(6.17) 
Ax A~ [3AvA (uv ~) - AuA (v3)] = ~ (~-~ + 2~) .  
6(Av) 2 
1 
(uLvL + URVR) -- ~ (UL + UR) (VL + VR) 
(2ULVL + 2URVR -- ULVL -- URVR -- ULVR -- URVL)  
(uLvL + URVR -- ULVR -- URVL) 
(UR -- UL) (VR -- VL) = 1AuAv,  
(6.18) 
(6.19) 
1 1 
= ~ (UL + uR) ,  ¢ = ~ (eL + CR). (6.25a,b) 
where 
T 
so that (6.18) can be rewritten as 
j cUVdx  = Ax  (~ + l AuAv)  . (6.20) 
Thus, using (6.20) with v = u and also with v = ¢, we have from (6.14) and (6.15), 
e=u2+~2(Au)2  2u(  1 ~ "  - -  ) --1 2 -u  ACAu6--~ (6.21) _ ~+ ~¢~ +~2 = ~(~u)  
and ) X=~ ¢~+ ACAu -2~= 6--~ (6.22) 
as the terms in the matrix Lw in (6.13), both of which would be expected to be negligible in 
smooth flows. Finally, the flux balance arising from (6.8) is 
~,,, = -AxA (W) ~ - AxLw~,  (6.23) 
with the first term handled using upwinding and the second term treated as a source. 
6.5. Eigenvalues and Eigenvectors 
The corresponding eigenva]ues and eigenvectors of A(W) are 
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7. CONSERVATIVE  L INEARISAT ION OF  c~ AND f~ SCHEMES 
The schemes presented recently in [6] for the shallow water equations are also based on up- 
winding, but the construction of the approximate Jacobians is different and is via an approximate 
Riemann problem. The two principle schemes in [6] can be described in terms of their approxi- 
mate Jacobian matrices. 
7.1.  c~ Scheme 
For the a scheme, the approximate Jacobian .4a gives rise to the flux balance 
(7.1) 
where the gradient fix is given by 
An 
fix = Ax" (7.2) 
The flux balance is distributed according to the upwind philosophy, and thus, the eigenvalues 
and eigenvectors of Aa are required. The resulting expressions for the ~ scheme are given by 
_ fi2 2~ ' 
( ~ = g 4- ~a, fi~ = 1, g + ¢~ , (7.4a-d) 
where 
and fi is as before. As mentioned earlier, this coincides with the scheme in [1] where the terms 
in the flux balance are treated as a whole. 
7.2.  D Scheme 
For the D scheme, we have 
0 1 ) (7.6) 
where ¢, ~ are as before, and 
f i=  ~ ,  ~ = I¢  + l(Au)2, (7.8a,b) 
and is treated in a similar way to the c~ scheme. Although this scheme does not coincide with 
that in [1], it is possible to treat it in the alternative way of separating A~ into two parts, in two 
obvious and distinct ways, each giving a conservative linearisation. 
7.3.  Conservat ive  L inear i sa t ion  o f  the  ~ Scheme- - -Formulat ion  I 
The first way is to write 
1) (0  1)(0 ,79, 
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where the corresponding flux balance 
@/~ = -A~Au - ZzAu (7.10) 
is distributed using upwinding for the first term, and the second term is treated as a source. The 
corresponding eigenvalues and eigenvectors of A n are then 
( 
Note that A n is the matrix A(w) in (6.11). Further, the matrix L z simplifies to 
:) 
(Au) 2 
(7.11a-d) 
(7.12) 
using 
~ - ~ = (~ + uR) - u~uR = -~ (u~ + u~ - 2u~u~) 
(7.13) 
= ~ (uR - ~L) 2 = (ZXu) ~, 
which is again expected to be negligible in smooth flows. 
7.4. Conservative Linearlsafion of the ~ Scheme Formulation II 
An alternative decomposition of .,4~ is 
( 0 1 )  ( 0 1 ) (0  0 0 ) = 
A~= ~_~2 2~ = ¢ -~2 2fi + 2(~-~)  = An + ~'  (7.14) 
where the corresponding flux balance 
(7.15) 
is treated in the same way as for Formulation I. The corresponding eigenvalues and eigenvectors 
of A n are then 
( A~ =f i+ , ~= 1, fi+ , (7.16a-d) 
and the matrix ~Z can be written as 
_ - (o  ° o ) 
LZ = (v /~_  v/-~)2 (7.17) 
using 
2 (~ - ~) = u~ + uR - 2 ~4~Y~ = (v~)  2 + (v~)  2 - 2v~-v~-~ 
(7.1s) 
= (4~-  4~)  2 , 
which is again expected to be negligible in smooth flows. 
In the future, it is intended to make a numerical comparison between the various schemes 
discussed here, particularly the effect of the treatment of part of the flux balance as a source. 
8. CONCLUSIONS 
We have studied the relationship between a number of existing schemes and, through this, 
we have been able to propose a new formulation of some of these existing schemes, as well 
as an alternative conservative linearisation. In future work, it is intended to make numerical 
comparisons between these schemes. 
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